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1 Introdution

We suggest a new proof of soliton solution to the ultradisrete 2D Toda and theultradisrete KP equations by using the ultradisrete Plüker relation.
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1-1 Ultradisretizing

Ultradisrete soliton equations are obtained by ultradisretizing disrete solitonequations.Ex.) The disrete KdV equation(bilinear form)Fn+1i+1 Fn�1i = (1� Æ)Fni+1Fni + ÆFn�1i+1 Fn+1i :(R. Hirota, J. Phys. So. Jpn. 43 (1977))Transforming Fni = efni =", Æ = e�1=", and using key formulalim"!+0 " log(ea=" + eb=") = max(a; b);we obtain the ultradisrete KdV(uKdV) equation.fn+1i+1 + fn�1i = max(fni+1 + fni ; fn�1i+1 + fn+1i � 1):

(S. Tsujimoto and R. Hirota, J. Phys. So. Jpn. 67 (1998))
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The solution to the ultradisrete KdV

Ultradisrete soliton solutions are also obtained by ultradisretizing disretesoliton solutions.Ex.) N soliton solution to the disrete KdV equation is expressed by

Fni = X�j=0;1 exp� NXj=1�jSj(n; i) + X1�j<j0�N �j�j0Ajj0�:

N soliton solution to the uKdV equation is expressed byfni = max�j=0;1� NXj=1�jsj(n; i)� X1�j<j0�N �j�j0ajj0�sj(n; i) = pjn� qji+ j ;qj = 12(jpj + 1j � jpj � 1j);ajj0 = jpj + pj0 j � jpj � pj0 j:In this talk, the above solution is alled "perturbation form solution（摂動形
式解）" 超離散プリュッカー関係式を用いたソリトン解の証明について � p.4/41



Determinant solution

On the other hand, disrete soliton equations have another expression of thesolution, determinant solution, whih has revealed its algebrai struture.Ex.) N soliton solution (determinant form) to the disrete KdV equation

Fni = ��������
�1(n; i) �1(n+ 2; i) : : : �1(n+ 2(N � 1); i)... ... . . . ...�N (n; i) �N (n+ 2; i) : : : �N (n+ 2(N � 1); i)

��������

! Determinant solution annot be ultradisretized by reason of"negative problem". lim"!+0 " log(ea="�eb=") = ?
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Analogue

However, Takahashi and Hirota showed an analogue of determinant solutionon ultradisrete system. It is alled ultradisrete permanent(UP) ( D Takahashi,R Hirota, �Ultradisrete Soliton Solution of Permanent Type", J. Phys. So.Jpn. 76 (2007)).
Disrete soliton equation Ultradisrete soliton equation

Perturbation form solutionDeterminant form solution Perturbation form solutionUP form solution

-
-

超離散プリュッカー関係式を用いたソリトン解の証明について � p.6/41



1-2 Ultradisrete Permanent

The permanent of a matrix (Aij)1�i;j�N is de�ned by signature-freedeterminant, perm[Aij ℄ =X�i A1�1A2�2 : : : AN�NApplying ultradisretization for N = 2,lim"!+0 � log�e(a11+a22)=�+e(a12+a21)=��=max (a11 + a22; a12 + a21) :Then, let us de�ne "ultradisrete permanent (UP)" by� �max[aij ℄ = max�i (a1�1 + a2�2 + � � �+ aN�N ) :� �
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Example of UP for N = 2

For 2� 2 matrix,

● Determinant det"a11 a12a21 a22# = a11a22 � a12a21
● Permanent perm"a11 a12a21 a22# = a11a22 + a12a21

● UP max"a11 a12a21 a22# = max (a11 + a22; a12 + a21)
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UP form solution to the uKdV

The uKdV equation is expressed byfn+1i + fn�1i�1 = max(fni + fni�1; fn+1i�1 + fn�1i � 1):The UP form solution is expressed by

fni = 12 max
26664 js1(n; i)j js1(n+ 2; i)j : : : js1(n+ 2(N � 1); i)j... ... . . . ...jsN (n; i)j jsN (n+ 2; i)j : : : jsN (n+ 2(N � 1); i)j
37775

Here sj is the same as the perturbation form solution. (D. Takahashi, R.Hirota, J. Phys. So. Jpn. 76 (2007))
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Other result

Some results other than uKdV are also obtained by UP form
● the ultradisrete mKdV soliton solution
● the ultradisrete Toda soliton solution(H. Nagai, J. Phys. Math: Gen. A 41(2008))

● Bäklund transformation between the generalized ultradisrete solitonsolutions
Here, the generalized soliton solution, whih inludes that of uKdV, is de�nedby

fni = 12 max2664 js1(n; i)j js1(n+ k; i+ l)j : : : js1(n+ k(N � 1); i+ l(N � 1))j... ... . . . ...jsN (n; i)j jsN (n+ k; i+ l)j : : : jsN (n+ k(N � 1); i+ l(N � 1))j
3775 ;

sj(n; i) = pjn� qji+ j :
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How to prove

These results are proved by the following proedure:1. Transforming UP form solution into perturbation form solution by using a keyformula
max26664 jx1 + (�N + 1)y1j jx1 + (�N + 3)y1j : : : jx1 + (N � 1)y1j... ... . . . ...jxN + (�N + 1)yN j jxN + (�N + 3)yN j : : : jxN + (N � 1)yN j

37775

= max�i=�10� NXi=1 �ixi + X1�i<j�N �i�jyi1A+ X1�i<j�N yj ;

where 0 � y1 � y2 � � � � � yN :

2. Substituting perturbation form solution into the soliton equation and simplifythe equation.Ex.) In the ase of uKdVg(1) = max(g(0); g(�1)� 1);where g(�) = max�j=�1� X1�j�N �j(�pj � 12qj)� X1�j<j0�N �j�j0pj0�:

3. Evaluating the maximum term inluded in g(�).
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How to prove

The proedure of this proof is ompliated and is done after transformations tothe perturbation form solution.

Disrete soliton equation Ultradisrete soliton equation

Perturbation form solutionDeterminant form solution Perturbation form solutionUP form solution

-
-
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1-3 Differenes between UP and Det

Algebrai struture of UP is similar to that of determinant. For example,disrete ase� det[A1 A2 : : : AN ℄ = det[A1 A2 : : : AN ℄; ( : onst.)where Ai is N dimensional olumn vetor.ultradisrete ase+max[a1 a2 : : : aN ℄ = max[+ a1 a2 : : : aN ℄

where ai is N dimensional olumn vetor.
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Differenes between UP and Det

disrete ase det[A1 +B1 A2 : : : AN ℄= det[A1 A2 : : : AN ℄ + det[B1 A2 : : : AN ℄;where Bi is N dimensional olumn vetor.ultradisrete asemax[max(a1; b1) a2 : : : aN ℄=max�max[a1 a2 : : : aN ℄; max[b1 a2 : : : aN ℄�;where bi is N dimensional olumn vetor and max(aj ; bj) denotes

max(aj ; bj) = 0BBB� max(a1j ; b1j)max(a2j ; b2j): : :max(aNj ; bNj)
1CCCA :
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Differenes between UP and Det

However, suh orrespondene is not omplete and there are manyounter examples.For example,disrete ase det[A1 A1 A3 : : : AN ℄ = 0:

ultradisrete ase max[a1 a1 a3 : : : aN ℄ 6= �1

超離散プリュッカー関係式を用いたソリトン解の証明について � p.15/41



Differenes between UP and Det

The Plüker relation for n = 3 is expressed bydet[A1 : : : AN�2 B1 B2℄� det[A1 : : : AN�2 B3 B4℄� det[A1 : : : AN�2 B1 B3℄� det[A1 : : : AN�2 B2 B4℄+ det[A1 : : : AN�2 B1 B4℄� det[A1 : : : AN�2 B3 B4℄ = 0:Espeially, using the notation�� � A1 : : : AN�2;the Plüker relation for n = 3 is expressed bydet[�� B1 B3℄� det[��B2 B4℄= det[�� B1 B2℄� det[��B3 B4℄ + det[�� B1 B4℄� det[�� B2 B3℄:
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Differenes between UP and Det

If we provide some onditions of ai and bi satisfymax[�� b1 b3℄ + max[�� b2 b3℄ � max[�� b1 b2℄ + max[�� b3 b4℄or max[�� b1 b3℄ + max[�� b2 b4℄ � max[�� b1 b4℄ + max[�� b2 b3℄;the uPlüker relation is redued tomax[�� b1 b3℄ + max[�� b2 b4℄=max�max[�� b1 b2℄ + max[�� b3 b4℄; max[�� b1 b4℄ + max[�� b2 b3℄�:We all the onditional uPlüker relation in this talk.
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Problem

These differenes:

● UP whih has the same olumn annot be negleted
● The ultradisrete Plüker relation is an impliit formhave made it dif�ut to prove not via perturbation form solution.

Disrete soliton equation Ultradisrete soliton equation

Perturbation form solutionDeterminant form solution Perturbation form solutionUP form solution

-
-
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2 Today's topi

We suggest a new proof, whih answer these problems, for N soliton solutionto the ultradisrete 2D Toda(u-2D Toda) and ultradisrete KP(uKP) equationrespetively. We show in the ase of 3 soliton solution to u-2D Toda equationfor example in this talk.2-1 The u-2D Toda equation2-2 N soliton solution of UP form2-3 Redution to the onditional uPlüker relation2-4 In the ase of the uKP equation2-5 Conjeture
Disrete soliton equation Ultradisrete soliton equation

Perturbation form solutionDeterminant form solution Perturbation form solutionUP form solution

-
-

超離散プリュッカー関係式を用いたソリトン解の証明について � p.18/41



2-1 u-2D Toda equation

The disrete 2D Toda equation is expressed by�dis(l;m� 1; n)�dis(l+ 1;m; n)= (1� Æ")�dis(l;m; n)�dis(l+ 1;m� 1; n) + Æ"�dis(l;m� 1; n+ 1)�dis(l+ 1;m; n� 1):Here, blue text olor denotes disrete system. ( Progress of Theoretial PhysisSupplement No. 94, (1988), Ryogo Hirota, Masaaki Ito and Fujio Kako ).The u-2D Toda equation is obtained by ultradisretizing.�(l;m� 1; n) + �(l+ 1;m; n)= max��(l;m; n) + �(l+ 1;m� 1; n); �(l;m� 1; n+ 1) + �(l+ 1;m; n� 1)� Æ � "�(Æ; " � 0)
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Disrete soliton solution

Determinant form soliton solution to the disrete 2D Toda equation isexpressed by �dis(l;m; n) = det[�disi (l;m; n+ j � 1)℄1�i;j�3;where �disi (l;m; n) is de�ned by�disi (l;m; n) = �i(1 + Æri)l(1 + "ri )�mrni + �i(1 + Ær0i)l(1 + "r0i )�mr0ni :

Espeially, �disi satis�es the following relations.�disi (l+ 1;m; n) = �disi (l;m; n) + Æ�disi (l;m; n+ 1)�disi (l;m� 1; n) = �disi (l;m; n) + "�disi (l;m; n� 1):
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2-2 UP soliton solution

UP form soliton solution to the u-2D Toda equation is given by�(l;m; n) = max[�i(l;m; n+ j � 1)℄1�i;j�3;(f. �dis(l;m; n) = det[�disi (l;m; n+ j � 1)℄1�i;j�3)where �i(l;m; n) is de�ned by�i(l;m; n) = max�max(0; ri � Æ)l�max(0; �ri � ")m+ rin+ i;max(0; �ri � Æ)l�max(0; ri � ")m� rin+ 0i�(f. �disi (l;m; n) = �i(1 + Æri)l(1 + "ri )�mrni + �i(1 + Æri )l(1 + "ri)�m 1rni (r0i = 1=ri))Espeially, �i(l;m; n) satis�es the following relations.�i(l + 1;m; n) = max(�i(l;m; n); �i(l;m; n+ 1)� Æ)�i(l;m� 1; n) = max(�i(l;m; n); �i(l;m; n� 1)� ")
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2-3 Redution to the onditional uPl¨ker relation

Outline of the proof on the ultradisrete system is similar to that on disretesystem. We an hange the shift on l of m to that on n by the dispersionrelations.Ex.) �(l + 1;m; n) = F (: : : ; �(l;m; n� 1); �(l;m; n); �(l;m; n+ 1); : : : )�(l;m� 1; n) = G(: : : ; �(l;m; n� 1); �(l;m; n); �(l;m; n+ 1); : : : )

We shall adopt a notation of the form

�(l;m; n) = max264�1(l;m; n) �1(l;m; n+ 1) �1(l;m; n+ 2)�2(l;m; n) �2(l;m; n+ 1) �2(l;m; n+ 2)�3(l;m; n) �3(l;m; n+ 1) �3(l;m; n+ 2)
375� max[�(0) �(1) �(2)℄� max[0 1 2℄for simpliity.
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�(l + 1;m; n)

In this notation, �(l+ 1;m; n) is redued to

�(l+ 1;m; n) = max264�1(l + 1;m; n) �1(l + 1;m; n+ 1) �1(l + 1;m; n+ 2)�2(l + 1;m; n) �2(l + 1;m; n+ 1) �2(l + 1;m; n+ 2)�3(l + 1;m; n) �3(l + 1;m; n+ 1) �3(l + 1;m; n+ 2)
375

= max[max(�(0);�(1)� Æ) max(�(1);�(2)� Æ) max(�(2);�(3)� Æ)℄;

by the dispersion relation,0B��1(l+ 1;m; n)�2(l+ 1;m; n)�3(l+ 1;m; n)
1CA = 0B�max(�1(l;m; n); �1(l;m; n+ 1)� Æ)max(�2(l;m; n); �2(l;m; n+ 1)� Æ)max(�3(l;m; n); �3(l;m; n+ 1)� Æ)
1CA

� (max(�(0);�(1)� Æ)):
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�(l + 1;m; n)

Using UP's property,max[max(a1; b1) a2 : : : aN ℄=max (max[a1 a2 : : : aN ℄; max[b1 a2 : : : aN ℄)

�(l+ 1;m; n) is redued into the maximum of two UPs.max[max(�(0);�(1)� Æ) max(�(1);�(2)� Æ) max(�(2);�(3)� Æ)℄= max�max[�(0) max(�(1);�(2)� Æ) max(�(2);�(3)� Æ)℄;max[�(1)� Æ max(�(1);�(2)� Æ) max(�(2);�(3)� Æ)℄�= max�max[�(0) max(�(1);�(2)� Æ) max(�(2);�(3)� Æ)℄;max[�(1) max(�(1);�(2)� Æ) max(�(2);�(3)� Æ)℄�Æ�
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�(l + 1;m; n)

Reursively, �(l+ 1;m; n) is redued into the maximum of eight UPs．�(l+ 1;m; n)=max�max[0 1 2℄; max[1 1 2℄� Æ; max[0 2 2℄� Æ; max[0 1 3℄� Æ;max[1 2 2℄� 2Æ; max[1 1 3℄� 2Æ; max[0 2 3℄� 2Æ; max[1 2 3℄� 3Æ�where max[�(0) �(1) �(2)℄ � max[0 1 2℄:

Note UP's property showsmax[x1 x1 x3 : : : xN ℄ 6= �1:
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�(l + 1;m; n)

�(l+ 1;m; n)= max�max[0 1 2℄; max[1 1 2℄� Æ; max[0 2 2℄� Æ; max[0 1 3℄� Æ;max[1 2 2℄� 2Æ; max[1 1 3℄� 2Æ; max[0 2 3℄� 2Æ; max[1 2 3℄� 3Æ�PropositionThe following inequality holds．max[1 1 2℄ � max[0 2 2℄ � max[0 1 3℄;max[1 2 2℄ � max[1 1 3℄ � max[0 2 3℄;
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�(l + 1;m; n)

�(l+ 1;m; n)= max�max[0 1 2℄; max[1 1 2℄� Æ; max[0 2 2℄� Æ; max[0 1 3℄� Æ;max[1 2 2℄� 2Æ; max[1 1 3℄� 2Æ; max[0 2 3℄� 2Æ; max[1 2 3℄� 3Æ�PropositionThe following inequality holds．max[1 1 2℄ � max[0 2 2℄ � max[0 1 3℄;max[1 2 2℄ � max[1 1 3℄ � max[0 2 3℄;

This proposition means UPs whih have the same olumn an be ne-gleted.
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�(l + 1;m; n)

Proof The de�nition of �i leads�i1(n+ j) + �i2(n+ j)�max(�i1(n+ j � 1) + �i2(n+ j + 1); �i1(n+ j + 1) + �i2(n+ j � 1))for 1 � i1; i2; j � N .Using this relation, for i1 = 2, i2 = 3, j = 1,�2(1) + �3(1) � max(�2(0) + �3(2); �2(2) + �3(0));whih orresponds to the relation between gray elements.

max264 �1(1) �1(1) �1(2)�2(1) �2(1) �2(2)�3(1) �3(1) �3(2)
375 � max264 �1(0) �1(2) �1(2)�2(0) �2(2) �2(2)�3(0) �3(2) �3(2)
375
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�(l + 1;m; n)

Proof The de�nition of �i leads�i1(n+ j) + �i2(n+ j)�max(�i1(n+ j � 1) + �i2(n+ j + 1); �i1(n+ j + 1) + �i2(n+ j � 1))for 1 � i1; i2; j � N .Using this relation, for i1 = 1, i2 = 3, j = 1,�1(1) + �3(1) � max(�1(0) + �3(2); �1(2) + �3(0));whih orresponds to the relation between gray elements.
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�(l + 1;m; n)

Proof The de�nition of �i leads�i1(n+ j) + �i2(n+ j)�max(�i1(n+ j � 1) + �i2(n+ j + 1); �i1(n+ j + 1) + �i2(n+ j � 1))for 1 � i1; i2; j � N .Using this relation,Therefore,
max264 �1(1) �1(1) �1(2)�2(1) �2(1) �2(2)�3(1) �3(1) �3(2)

375 � max264 �1(0) �1(2) �1(2)�2(0) �2(2) �2(2)�3(0) �3(2) �3(2)
375

�max[1 1 2℄ � max[0 2 2℄
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�(l + 1;m; n)

Similarly, we an provemax[1 1 2℄� Æ � max[0 2 2℄� Æ � max[0 1 3℄� Æ

max[1 2 2℄� 2Æ � max[1 1 3℄� 2Æ � max[0 2 3℄� 2Æ 2:Hene,�(l + 1;m; n)=max�max[0 1 2℄; max[1 1 2℄� Æ; max[0 2 2℄� Æ; max[0 1 3℄� Æ;max[1 2 2℄� 2Æ; max[1 1 3℄� 2Æ; max[0 2 3℄� 2Æ; max[1 2 3℄� 3Æ�:
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�(l + 1;m; n)

Similarly, we an provemax[1 1 2℄� Æ � max[0 2 2℄� Æ � max[0 1 3℄� Æ

max[1 2 2℄� 2Æ � max[1 1 3℄� 2Æ � max[0 2 3℄� 2Æ 2:Hene,�(l+ 1;m; n)=max�max[0 1 2℄; max[0 1 3℄� Æ; max[0 2 3℄� 2Æ; max[1 2 3℄� 3Æ�:That is, UP that has the same olumn an be negleted for the de�nitionof �i(l;m; n).
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Cf. Disrete system

In disrete system, the below redution is obtained by elementarytransformation.�dis(l+ 1;m; n)
= det2664�dis1 (l+ 1;m; n) �dis1 (l+ 1;m; n+ 1) �dis1 (l+ 1;m; n+ 2)�dis2 (l+ 1;m; n) �dis2 (l+ 1;m; n+ 1) �dis2 (l+ 1;m; n+ 2)�dis3 (l+ 1;m; n) �dis3 (l+ 1;m; n+ 1) �dis3 (l+ 1;m; n+ 2)

3775

= det[�dis(0)+ Æ�dis(1) �dis(1)+ Æ�dis(2) �dis(2)+ Æ�dis(3)℄= det[0 1 2℄ + Æ det[0 1 3℄ + Æ2 det[0 2 3℄ + Æ3 det[1 2 3℄ �(l+ 1;m; n) = max�max[0 1 2℄; max[0 1 3℄� Æ; max[0 2 3℄� 2Æ; max[1 2 3℄� 3Æ�:!
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Other arguments

Other �(l+ a;m+ b; n+ ) are redued similarly．� �(l;m� 1; n)= max�max[0 1 2℄;max[�1 1 2℄� ";max[�1 0 2℄� 2";max[�1 0 1℄� 3"�

� �(l+ 1;m; n� 1)= max�max[�1 0 1℄;max[�1 0 2℄� Æ;max[�1 1 2℄� 2Æ;max[0 1 2℄� 3Æ�

� �(l;m� 1; n+ 1)= max�max[1 2 3℄;max[0 2 3℄� ";max[0 1 3℄� 2";max[0 1 2℄� 3"�

� �(l;m; n) = max[0 1 2℄
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Other arguments

�(l+ 1;m� 1; n) is obtained by the dispersion relations.� �(l+ 1;m� 1; n)= max�max[0 1 2℄; max[0 1 3℄� Æ; max[0 2 3℄� 2Æ; max[1 2 3℄� 3Æ;max[�1 1 2℄� "; max(max[0 1 2℄;max[�1 1 3℄)� Æ � ";max(max[0 1 3℄;max[�1 2 3℄)� 2Æ � "; max[0 2 3℄� 3Æ � ";max[�1 0 2℄� 2"; max(max[�1 1 2℄;max[�1 0 3℄)� Æ � 2";max(max[0 1 2℄;max[�1 1 3℄)� 2Æ � 2"; max[0 1 3℄� 3Æ � 2";max[�1 0 1℄� 3"; max[�1 0 2℄� Æ � 3";max[�1 1 2℄� 2Æ � 3"; max[0 1 2℄� 3Æ � 3"�
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Substituting

In order to prove, we substitute eah � intomax(�(l;m� 1; n) + �(l+ 1;m; n); �(l;m; n) + �(l + 1;m� 1; n)� Æ � ")=max(�(l;m; n) + �(l+ 1;m� 1; n); �(l;m� 1; n+ 1) + �(l+ 1;m; n� 1)� Æ � ");whih is equivalent to the u-2D Toda equation�(l;m� 1; n) + �(l+ 1;m; n)=max(�(l;m; n) + �(l+ 1;m� 1; n); �(l;m� 1; n+ 1) + �(l+ 1;m; n� 1)� Æ � ")for Æ; " � 0. Then, it is proved when terms whih have the same Æ and " of bothside are equivalent respetively.

�dis(l;m� 1; n)�dis(l+ 1;m; n)= (1� Æ")�dis(l;m; n)�dis(l+ 1;m� 1; n) + Æ"�dis(l;m� 1; n+ 1)�dis(l+ 1;m; n� 1):
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Comparing

Ex.) �4Æ � k2" (k2 = 0; 1; 2; 3)The terms whih have �4Æ � k2" in l.h.s are expressed bymax[0 1 2℄ +max�max[1 2 3℄;max[0 2 3℄� ";max[0 1 3℄� 2";max[0 1 2℄� 3"�:On the other hand, that in r.h.s are expressed bymax[0 1 2℄ +max�max[1 2 3℄;max[0 2 3℄� ";max[0 1 3℄� 2";max[0 1 2℄� 3"�:Therefore, the terms whih have �4Æ � k2" in both sides are equivalent.

Similarly，the terms whih have �k2", �k1Æ, and �k1Æ � 4" (k1; k2 =0; 1; 2; 3) are equivalent respetively．
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Comparing

The other terms are not equivalent.Ex.) �Æ � "Comparing both side, we havemax�max[�1 1 2℄ + max[0 1 3℄; 2max[0 1 2℄�= max�max[�1 0 1℄ + max[1 2 3℄; max[0 1 2℄ + max(max[0 1 2℄; max[�1 1 3℄))�:Removing the ommon term 2max[0 1 2℄, we get a suf�ient ondition.max[�1 1 2℄+max[0 1 3℄ = max�max[�1 0 1℄+max[1 2 3℄; max[0 1 2℄+max[�1 1 3℄)�:It is expressed by the Maya diagram.
-1 30 2 -1 30 2 -1 30 2 -1 30 2 -1 30 2 -1 30 2
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The onditional uPlüker relation

Other terms are expressed as the following:

-1 3k1 k2 -1 3k1 k2 -1 3k1 k2 -1 3k1 k2 -1 3k1 k2 -1 3k1 k2

where �1 < k1 < k2 < 3. It is expressed by the onditional uPlükerrelation, max[x�1 : : : dxk1 : : : x2℄ + max[x0 : : : dxk2 : : : x3℄= max�max[x�1 : : : dxk2 : : : x2℄ + max[x0 : : : dxk1 : : : x3℄;max[x�1 : : : dxk1 : : : dxk2 : : : x3℄ + max[x0 x1 x2℄�:where xj = (xij)1�i�3 = (jyi + jrij)1�i�3:by suitable transformation. And xk denotes the (k + 1)-th olumn is deleted.
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In general

The UP soliton solution to the u-2D Toda for N is redued to the followingMaya diagram(�1 < k1 < k2 < N ).

-1 Nk1 k2 -1 Nk1 k2 -1 Nk1 k2 -1 Nk1 k2 -1 Nk1 k2 -1 Nk1 k2

Note: the symbol ki denotes �(l;m;n+ ki),�(l;m;n+ ki) = (max(�j(l;m; n) + kirj ; �0j(l;m; n)� kirj))1�j�N :
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In general
-1 Nk1 k2 -1 Nk1 k2 -1 Nk1 k2 -1 Nk1 k2 -1 Nk1 k2 -1 Nk1 k2

By suitable transformation, it is expressed by the onditional uPlüker relation.max[x0 : : : dxk1 : : : xN ℄ + max[x1 : : : dxk2 : : : xN+1℄= max�max[x0 : : : dxk2 : : : xN ℄ + max[x1 : : : dxk1 : : : xN+1℄;max[x0 : : : dxk1 : : : dxk2 : : : xN+1℄ + max[x1 : : : xN ℄�:where xj = (xij)1�i�N = (jyi + jrij)1�i�N :However, a general proof has not been obtained yet.We have heked for N = 4.
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2-4 In the ase of the uKP

The uKP is obtained by ultradisretizing the disrete KP (Hirota-Miwa)equation.� l;m+1;n+1 + � l+1;m;n+1 � a2 � a3=max�� l+1;m;n + � l;m+1;n+1 � a1 � a3; � l;m;n+1 + � l+1;m+1;n � a2 � a3� (a1 > a2 > a3):Espeially, the uKP is equivalent tomax�� l+1;m;n + � l;m+1;n+1 � a1 � a2;� l;m+1;n + � l+1;m;n+1 � a2 � a3; � l;m;n+1 + � l+1;m+1;n � a1 � a3�= max�� l+1;m;n + � l;m+1;n+1 � a1 � a3;� l;m+1;n + � l+1;m;n+1 � a1 � a2; � l;m;n+1 + � l+1;m+1;n � a2 � a3�:
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UP solution to the uKP

UP form solution is expressed by�(l;m; n; s) = max[�i(l;m; n; s+ j � 1)℄1�i;j�N :Here, funtion �i(l;m; n) is de�ned by�i(l;m; n; s)= max�pis+max(0; pi � a1)l +max(0; pi � a2)m+max(0; pi � a3)n;� pis+max(0;�pi � a1)l+max(0;�pi � a2)m+max(0;�pi � a3)n�:Funtion �i(l;m; n; s) satis�es�i(l+ 1;m; n; s) = max(�i(l;m; n; s); �i(l;m; n; s+ 1)� a1)�i(l;m+ 1; n; s) = max(�i(l;m; n; s); �i(l;m; n; s+ 1)� a2)�i(l;m; n+ 1; s) = max(�i(l;m; n; s); �i(l;m; n; s+ 1)� a3)
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In the ase of the uKP

The uKP equation redues to the onditional uPlüker relation by the similarproedure.

k1 N+1k2 k3
k1 N+1k2 k3 k1 N+1k2 k3

k1 N+1k2 k3 k1 N+1k2 k3 k1 N+1k2 k3

Note: the symbol 0 < k1 < k2 < k3 < N + 1 denotes�(l;m;n; s+ ki) = (max(�j(l;m; n; s) + kipj ; �0j(l;m; n; s)� kipj))1�j�N :
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2-5 Conjeture

Both of the u-2D Toda and uKP equations redues to the following onjeture.Conjeturemax[x0 : : : dxk2 : : : xN ℄ + max[x0 : : : dxk1 : : : dxk3 : : : xN+1℄= max�max[x0 : : : dxk3 : : : xN ℄ + max[x0 : : : dxk1 : : : dxk2 : : : xN+1℄;max[x0 : : : dxk2 : : : dxk3 : : : xN+1℄ + max[x0 : : : dxk1 : : : xN ℄�where 0 � k1 < k2 < k3 < N + 1 andxj = (xij)1�i�N = (jyi + jrij)1�i�N

We have heked N = 4.
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3 Conluding Remarks
● We suggest a new proof of UP form soliton solutions to the u-2D Todaand the uKP equation by using the onditional uPlüker relation. We haveproved for N = 4 to be exat.

● Beause of the ondition of soliton solution, UP and ultradisrete Plükerrelation an be behaved like determinant.the uPlüker relationmax�max[�� b1 b2℄ + max[�� b3 b4℄; max[�� b1 b3℄ + max[�� b2 b4℄�=max�max[�� b1 b2℄ + max[�� b3 b4℄; max[�� b1 b4℄ + max[�� b2 b3℄�=max�max[�� b1 b3℄ + max[�� b2 b4℄; max[�� b1 b4℄ + max[�� b2 b3℄�+ Soliton formthe onditional uPlüker relationmax[�� b1 b3℄ + max[�� b2 b4℄=max�max[�� b1 b2℄ + max[�� b3 b4℄; max[�� b1 b4℄ + max[�� b2 b3℄�:
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